In this short note we consider a nonlinear and spatially nonlocal PDE modelling moisture evolution in a porous medium. We then show that it naturally arises as a description of superdiffusive jump phenomenon occurring in the medium. We provide a deterministic derivation which allows us to naturally incorporate the nonlinear effects. This reasoning shows that in our setting the so-called nonlocal pressure form of the porous medium equation is preferred as a description of the evolution. In that case the governing nonlocal operator is the fractional gradient rather than the fractional Laplacian.
Introduction
In [4] the following form of the fractional porous medium equation has been introduced
where K is a linear integral operator (for later results see for ex. [5, 31, 32, 13] ). Specifically, in this particular case it is the inverse of the fractional Laplacian (the Riesz operator [33, 2] )
Not that Authors of the original paper use a different constant s = 1 − α/2. The fractional Laplacian can be defined for example with the Fourier transform F (−∆)
Plugging (2) into (1) we can see that the following operator arises and can be thought as a fractional gradient
which is a pseudo-differential operator of order α − 1. It is also possible to define the fractional gradient via the singular integral of a smooth and bounded functions (see [14] )
where C n,α is a known constant. In this paper consider the following nonlocal nonlinear diffusion equation
u , x ∈ R, 0 < α < 2,
Notice that we allow the diffusivity to be a nonlinear function of both the dependent and independent variable. When D(u, x) ∝ u m the above nonlocal PDE reduces to the porous medium equation with a nonlocal pressure.
Apart from the mentioned description of the porous media, generalizations or variations of (6) appear is different setting. In [16] a similar nonlocal equation has been used to model long-range interactions in the gas particle system. Moreover, some version of (6) has also been used to explain evolution of dislocations in crystal lattice [18] . Furthermore, the so-called hydrodynamic limit appears when α → 0 + in which the 1D equation (1) can be reduced to the Burgers equation exhibiting hyperbolic shock wave phenomena. Its multidimensional variant has been used for example in modelling vortex liquid in Ginzburg-Landau theory of superconductivity [38] .
In this short note we give a phenomenological argument that the nonlocal equation of the form (6) arises naturally as a description of the moisture imbibition in a porous medium exhibiting superdiffusive jump phenomena. The latter mechanism is responsible for emergence of the spatially nonlocal character of the flux which is represented by the fractional gradient operator. On the other hand, a temporal nonlocality can also arise as a consequence of the waiting time phenomenon in which the water can be trapped in certain regions of the medium for prolonged periods of time. This produces the time-fractional derivative and brings the subdiffusive character of the evolution (for a derivation and related result see [26, 25, 27] ).
In the literature there also exists another form of the fractional porous medium equation, namely
For a relevant mathematical results see [11, 12] and for applications see [3, 20] . Notice that both (7) and (6) reduce to the classical porous medium equation in the limit α → 2 − . On the other hand, in the nonlocal setting, i.e. when α ∈ (0, 2) they also agree in the linear case. Hence, they are nonlocal generalizations of the porous medium equation, albeit it can be shown that they are not equivalent! Most notably, the solutions of (7) have infinite speed of propagation while those of (6) are compactly supported. Therefore, the nonlinearity of the equation is the main factor responsible for the lack of unique generalization of the porous medium equation into the nonlocal setting. The interplay of nonlinearity and nonlocality produces a plethora of interesting phenomena. For a detailed comparison and summary see [37] . In what follows we will show that, at least in the hydrological setting, the nonlocal pressure form is preferred.
Derivation

Classical case
Here we revisit the derivation of the classical porous medium equation in the hydrological setting. Let us consider a porous medium (for example soil or brick) and a fluid (water) that penetrates it. We want to derive an equation that governs the evolution of moisture distribution in space and time. By u = u(x, t) denote the fluid concentration (with dimension M L −3 ) at point x and time t. Moreover, let a vector q = q(x, t) be the flux (with dimension M L −2 T −1 ), that is the amount and direction of the fluid that crosses the unit surface in a unit time. Conservation of mass gives the continuity equation
In order to obtain the closure relation we must impose the constitutive equation, which relates the flux to the fluid concentration. It was an experimental fact, proved by Henri Darcy in the middle of 19th century [10] , that the flux is proportional to the gradient of the pressure (in modern nomenclature)
where ρ is the density of the fluid
and k is the geometry dependent permeability (L 2 ). The Darcy's Law is not just an empirical relationship -it can be derived theoretically in a rigorous way by averaging Navier-Stokes equations (which in turn are a consequence of the Boltzmann's kinetic equation, see [39] ) In our considerations the fluid density can be assumed to be constant in time and space. This assumption is sensible, since for the pressures and timescales present in our isothermal setting the fluid (water) can be assumed to be incompressible (see [34] ). The flow is driven by changes in the capillary pressure. This pressure arises due to the surface tension present in the pores. By the Laplace law it can be related to the radius of curvature of the small menisci forming between the surfaces of the solid phase in the medium. This phenomenon is similar to the idealized experiment explaining the surface tension in the capillary (hence the name).
To complete the derivation of the governing equation one must use the mutual dependence of pressure and fluid concentration. For a majority of situations and fluids, there exists a monotone relationship p = p(u), which graph is called the retention curve (for a thorough treatment of the modelling of the flow in the porous media see [34] ). Using this relationship in (8) and (9) we obtain the nonlinear convection-diffusion equation known in hydrology as the Richards equation (see [28] and particularly [1] for a comprehensive treatment) (in terms of the concentration and without the convection)
where the diffusivity D is defined as ρk/µ dp/du. In almost any case the diffusion in porous media is nonlinear. Moreover, the diffusivity can change over a several orders of magnitude during the imbibition. The choice of the retention relation p = p(u) and hence of the diffusivity D is often taken as to fit the experimental results. One of the most common are the Van Genuhten [35] p ∝ 1
and the Brooks-Correy functions [6] 
where n, m are constants determined from the fitting. In the case of the Brooks-Correy model we obtain the porous medium equation
where D 0 is the diffusion coefficient. The value of m depends on the type of soil investigated and the pore distribution within (typically between 0.2 and 5).
The porous medium equation is also very often derived for a compressible and barotropic gas (see for example [22] ). For that case one writes the flux as q = ρv, where the velocity is determined from a particular variant of the Darcy's Law. The constitutive equation for the pressure is to assume the thermodynamic equation of state for polytropic process p ∝ u m+1 , which is the same as the Brooks-Correy model in the hydrology. Moreover, a particular form of the porous medium equation arises also in the description of the filtration process, where the water original present in the aquifer, penetrates the porous medium around. The resulting equation for the free-surface is known as the Bussinesq equation (see [36] ). In any of these cases we obtain the same equation (13) but describing different quantities.
Nonlocal case
The geometric structure of the porous medium can be very complex. A multitude of different pores, tubes and water filaments of various sizes can introduce many phenomena that can be described by (13) only approximately. The description of the transport process in the porous medium has to take into account different (probably all) space and timescales (see [9] ) as well as continuously changing heterogeneity scale [8] . Moreover, as is very well-known, the retention curve relation p = p(u) possesses a very strong dependence on the history of the process. Rather than a single curve, the retention relationship is a family of the characteristics different for medium under different moisture conditions. This hysteresis is a clear indicator of the fact that to accurately describe the transport in the porous medium one has to take into account some nonlocal phenomena such as the memory of the process. Lately, a number of experimentalists have shown that the classical diffusion rate cannot accurately predict the moisture evolution in some porous media (like construction materials) [17, 15, 21] . It was observed that the wetting front moves in a much different pace than the equation (13) can predict. This anomalous diffusion is a matter of vigorous research done by both theorists and experimenters.
As was noted in [19] the classical description of the transport in the porous medium in often inadequate. Moreover, in the same work Authors managed to derive a nonlocal version of the Darcy's law, which is a consequence of the Boltzmann's equation for kinetic transport. It is worth to mention that the nonlocality followed as a necessary condition from the force balance and a very fundamental physical theory. A similar version of the Darcy's Law was presented also in [30] , where the porous medium was modeled with a network of channels of all length-scales through which the water particles can move over a very long distances. The "long jump" property along with the "waiting time" phenomenon, in which the fluid can be trapped for a significant periods of time in some region in space, are the foundations of the anomalous diffusion models that utilize the fractional derivatives. The typical derivation of these models is done in the stochastic framework of the Continuous Time Random Walks (CTRW) [24] . An approach based on the conservation of mass was undertaken in [29] . The resulting equation which models the linear nonlocal, anomalous diffusion can we written in the form [23] 
Here, the Caputo time derivative accounts for the memory of the process (waiting times) and the fractional laplacian with respect to the space variable models the nonlocal "long jumps" of the fluid particles. In one-dimensional case the fundamental solution of (14) can be expressed in the terms of the Fox H-function. Although the stochastic approach is very illustrative since it utilizes the concept of a randomly walking particle, it is difficult to incorporate the nonlinear diffusion coefficient in it. In what follows we will present a deterministic derivation of the anomalous diffusion equation in the hydrological setting of the porous medium. Our derivation takes into account the nonlinear dependence of the diffusivity on the concentration. Following the previous remarks about the necessity of nonlocal phenomena in porous medium we are going to rederive the expression for the flux q. For simplicity we will consider the diffusion only in one space dimension. The generalization is straightforward. First, let us discretize time and space by quanta ∆x and ∆t. Moreover, define the space points by x i := i∆x, where i ∈ Z. Now, at every x i consider a three-dimensional box with face area A and height ∆x and assume that ∆x is so small, than the concentration of the fluid is almost constant along the box. We ask how much mass goes through the interface from one box to another. If the diffusion were local the flux through the wall with the surface A in time ∆t would be
where R/∆t (M T −1 ) is the concentration dependent rate of diffusion, that is how much fluid passes the interface in a time ∆t. As a convention, we count the contribution of the fluid parcels flowing from left to right as positive and in the opposite direction as negative. If we assumed that in the limit ∆x → 0 and ∆t → 0 the quantity (∆x) 2 /∆t would become a constant we would reobtain the classical Fick's Law for the diffusion q = −D(u)u x and from the continuity equation (8) the governing equation (10) would follow. Since we assume that the diffusion is nonlocal, the fluid can cross the interface at x i not only coming from the neighboring boxes but also from any other. In that case we have
where we introduced the weight k j describing the influence of the box at a distance j from the interface at x i . Notice that we assume that the equally distant boxes contribute the same amount of fluid to the flux at x i . For the local diffusion the coefficients are equal to k j = 0 for j > 0 and k 0 = 1. We can also write
where we introduced the odd coefficients
while for the classical case we would have k 0 = − k −1 = 1 and k j = 0 for j = 0, −1. Now, we take the ∆x → 0 and ∆t → 0 and formally (17) becomes
under the condition that ∆x and ∆t goes to 0 in a way dependent on the sum in (17) . By K we denoted the continuous kernel related to the discreet weight k j . Equation (19) is the nonlocal version of the flux derived from assumption that the fluid in the porous medium can contribute to the flux at any point ("'long jumps"') and this contribution depends only on the distance. As the nonlocal flux (19) has to reduce to the local version in the classical case, we should have
where δ denotes the Dirac delta distribution. Due to this classical limit we rewrite the nonlocal flux (19) in the form
where G is some (generalized) function, which particular form we would like to determine. We also note that (21) is a generalized version of the flux obtained in [7] for a porous medium with an evolving heterogeneity. Since by (18) the kernel K has to be an odd function, G must be even. Moreover, by (20) it must approach the Dirac delta function in some limit representing the classical case of local diffusion. One of the simplest choices is to take the power function of the distance, that is G(y) ∝ |y| 1−α for some α ∈ (0, 2). Specifically, we choose the Riesz potential
where the constant of proportionality and the parameter α has been chosen appropriately to anticipate further results. It is well-known that so defined G approaches the Dirac delta in a distributional sense when α → 2, hence q → q cl as α → 2. With this representation the nonlocal flux (21) u(x, t), (23) where we have used the definition of the fractional gradient ∇ α−1 x [2, 14] . If we had chosen a different prefactor in (22) we would obtain a different constant in front of the gradient. This constant could then be easily removed by absorbing it into the diffusivity. Hence, we do not loose any generality by choosing the Riesz potential as a kernel. The resulting nonlocal Richards equation (10) 
while the nonlocal generalization of the porous medium equation (13) now becomes
Therefore, at least in the hydrological setting, the nonlocal pressure form of the fractional porous medium equation is well-established from the physical principles.
